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The aim of the problem set is to get familiar with the mathematical description of the phase
transitions and to illustrate the singular behavior of the response functions in the vicinity of a
critical point.

11. The Ising model of magnetism* 2+4+2+3+2 Points

The local environment of an electron in a crystal sometimes forces its spin to stay parallel or
anti-parallel to a given lattice direction. As a model of magnetism in such materials we denote the
direction of the spin by a single variable σi = ±1 (an Ising spin). The energy of a configuration
{σi} of spins is then given by

H =
1

2

N∑
i,j=1

Jijσiσj − h
∑
i

σi,

where h is an external magnetic field, and Jij is the interaction energy between spins at sites i
and j.

(a) Assume that the interaction energy between all spins is the same, i.e. Jij = −J/N for
all i, j = 1, 2, ..., N . Show that the energy of a spin configuration depends only on the
magnetization and can be written as E(m,h) = −N [Jm2/2 + hm]. The magnetization of
a spin configuration is defined as m =

∑N
i=1 σi/N .

(b) Show that the partition function Z(h, T ) =
∑

{σi} exp(−βH) can be rewritten as Z =∑
m exp

[
−βF (m,h)

]
. Expand F (m,h) to 4th order in m, and show that it can be written

as
F (m,h)

N
= −kBT ln 2− hm+

1

2
(kBT − J)m2 +

kBT

12
m4.

For the remainder of the problem work only with the expansion of F (m,h). Hint: since the
energy of a spin configuration {σi} only depends on the magnetization of this configuration,
you need to find the number of spin configurations with a given magnetization in order
to calculate the partition function - this is a combinatorics problem which you may have
encountered before. Use Stirling’s approximation for large N (lnN ! ≈ N lnN −N).

(c) Show that in the limit N → ∞ the actual free energy F (h, T ) = −kBT lnZ(h, T ) is given
by F (h, T ) = min[F (m,h)]m. Hint: Assume that min[F (m,h)]m = F (m∗, h). Using the
relation Z =

∑
m exp

[
− βF (m,h)

]
, show that exp

[
− βF (m∗, h)

]
≤ Z ≤ N exp

[
−

βF (m∗, h)
]
and use this result to prove the statement.

(d) Use the definition of the actual free energy to show that the magnetization is given by

m = − 1

N

∂F (h, T )

∂h
.
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Assume that h = 0, and use the results obtained in (b) and (c) to find the critical tempe-
rature Tc below which a spontaneous magnetization appears. Calculate the temperature
dependence of the magnetization m(T ).

(e) Calculate the singular (non-analytic) behavior of the response functions

C =
∂E

∂T

∣∣∣∣
h=0

, and χ =
∂m

∂h

∣∣∣∣
h=0

.
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